One of the key parameters that characterize spiral arms in disk galaxies is a pitch angle that measures the inclination of a spiral arm to the direction of galactic rotation. The pitch angle differs from galaxy to galaxy, which suggests that the rotation law of galactic disks determines it. In order to investigate the relation between the pitch angle of spiral arms and the shear rate of galactic differential rotation, we perform local N -body simulations of pure stellar disks. We find that the pitch angle increases with the epicycle frequency and decreases with the shear rate and obtain the fitting formula. This dependence is explained by the swing amplification mechanism.
In a differentially rotating disk, a leading density pattern rotates to a trailing one due to the shear. If Toomre's Q value is larger than unity but not too much, the amplitude of the pattern can be enhanced during the rotation. This mechanism is called swing amplification (Goldreich & Lynden-Bell 1965; Julian & Toomre 1966; Toomre 1981) . If a perturber such as the corotating over-dense region exists, trailing patterns form (Julian & Toomre 1966) . In N -body simulations, since a disk consists of a finite number of stars, small density noise always exists. Thus, even if there is not a perturber, the small leading wave always exists, and the trailing wave can grow spontaneously due to the swing amplification mechanism (Toomre & Kalnajs 1991) . The spirals generated by the swing amplification are not stationary but transient and recurrent, which appear and disappear continuously. This transient and recurrent picture is supported by N -body simulations for multi-arm spirals (Sellwood & Carlberg 1984; Baba et al. 2009; Sellwood 2000 Sellwood , 2010 Fujii et al. 2011 ).
The linear theory of the swing amplification gives the amplification factor and the most unstable wavelength, but it cannot explain the overall evolution of spiral arms. Baba et al. (2013) studied the dynamics of stars in spiral arms and found that the nonlinear particle wave interaction is important to understand the damping and growing phase of spiral arms. D 'Onghia et al. (2013) performed high-resolution N -body simulations including initial density inhomogeneities that induce the spiral patterns due to the swing amplification. Once spiral arms form, the spiral arms remain. This results from the nonlinear effect. The local underdense and overdense regions act as perturbers, which maintain the spiral structure.
One of the key parameters to characterize the morphology of spiral galaxies is the pitch angle. The pitch angle is the angle between the tangents to a spiral arm and a perfect circle, which measures how tightly the spiral arms are wound. Julian & Toomre (1966) investigated the response of the particle density to an imposed perturbation using the collisionless Boltzmann equation. They found the trend that the pitch angle decreases with the shear rate. The correlation between the shear rate and the pitch angle enables us to determine a rotation curve from the spiral structure.
The epicycle frequency κ is related to the shear rate Γ:
where A is the first Oort constant, and Ω is the circular frequency. The observational study shows the relation that the pitch angle decreases with the shear rate, and the fitting formula is given as (Seigar et al. 2005 (Seigar et al. , 2006 : Grand et al. (2013) performed global N -body simulations and investigated the spiral patterns using Fourier analysis. From the spiral phase variation they calculated the pitch angle of the spiral arm. They found that galaxies of the higher shear rate have the smaller pitch angle. They did not study the dependence of the pitch angle on Toomre's Q value since Q evolves over time. It is expected that the pitch angle barely depends on Q from Julian & Toomre (1966) .
In order to understand the dynamics of spiral arms, we investigate the pitch angle dependence on the shear rate by local N -body simulations of pure stellar disks. Section 2 summarizes the calculation method. In Section 3, we present the simulation results. In Section 4, we discuss the relation between the pitch angle and the shear rate by using the linear theory. Section 5 gives a summary.
Calculation Method

Model
We perform local N -body simulations of pure stellar disks based on the epicycle approximation. We do not consider an entire disk but a small rotating patch by employing a local shearing box (e.g., Toomre & Kalnajs 1991; Fuchs et al. 2005) . This treatment reduces the number of necessary particles in a simulation significantly, and enables us to perform high resolution simulations. We consider a small patch of a disk such that L x , L y ≪ r, where L x and L y are the width and length of the patch and r is the galactocentric distance of the patch. We adopt a local Cartesian coordinate system (x, y, z), whose origin revolves around the galactic center with the circular frequency Ω, which is given by
where Φ is the axisymmetric galactic potential. The x-axis is directed radially outward, the y-axis is parallel to the direction of rotation, and the z-axis is normal to the x-y plane. In the epicycle approximation, neglecting the higher order terms with respect to x, y, and z, the equation of motion of particle i is given by
where r ij is the distance between particles i and j, m is the particle mass (e.g., Toomre 1981; Toomre & Kalnajs 1991; Kokubo & Ida 1992; Fuchs et al. 2005) . In Equation (4), 2Ωdy i /dt and −2Ωdx i /dt are Coriolis force, 4Ω 2 x i is the centrifugal force, −κ 2 x i and −ν 2 z i are the galactic gravitational force, and the terms proportional to (r 2 ij + ǫ 2 ) −3/2 are the gravitational force from the other particles. We assume that all particles have the same mass. The length ǫ is the softening parameter ǫ = r t /4 where r t is the tidal radius of a particle:
The frequencies κ and ν are the epicycle and vertical frequencies at the center of the computational box:
Since the size of the computational box is small, we can assume that all particles in the computational box have the same κ and ν.
The motion of particles is pursued only in the computational box with the periodic boundary condition (Wisdom & Tremaine 1988) . There are copied boxes around the computational box. When a particle in the computational box crosses the boundary, the corresponding particle in the copied box comes into the computational box through the opposite boundary. The position and velocity of the particle that crosses the boundary is calculated by considering the velocity shear.
The size of the computational box L x and L y should be sufficiently larger than the characteristic scale of the spiral arms that is the critical wavelength of the gravitational instability
where Σ 0 is the initial surface density. We set the size of the computational box as
We set the unit time as Ω −1 and the unit length as r t (Kokubo & Ida 1992) . The equation of motion is integrated using a second-order leapfrog integrator with time-step ∆t = (2π/Ω)/200. We calculate the self-gravity of particles not only in the computational box but also from the surrounding copied boxes. The cutoff length of the gravity is L cut = min(L x , L y ). The self-gravity of particles, which is the most computationally expensive part, is calculated using the specialpurpose computer, GRAPE-7 (Kawai & Fukushige 2006) .
Initial Conditions
We assume that the initial surface density Σ 0 of particles in the computational box is uniform. The total mass in area λ 2 cr is fixed and the particle mass is given by m = λ 2 cr Σ 0 /N c where N c is the number of particles in λ 2 cr . We set N c = 8000 and then the total number of particles is N = N c L x L y /λ 2 cr = 2.0 × 10 5 . If we neglect the weak dependence of the Coulomb logarithm on N c and assume log Λ ≃ 5, the two-body relaxation time is proportional to N c , which is estimated as (e.g., Kokubo & Ida 1992)
Since the simulation time is much shorter than the relaxation time, the two-body relaxation barely affects the dynamical evolution.
The initial Toomre's Q value is
where σ x is the initial radial velocity dispersion (Toomre 1964) . The initial radial velocity dispersion σ x is calculated from Q ini . We adopt the triaxial Gaussian model as the velocity distribution. In the epicycle approximation, the ratio of azimuthal to radial velocity dispersions is σ y /σ x = κ/2Ω (e.g., Binney & Tremaine 2008) . The ratio of the radial to vertical velocity dispersions σ z /σ x depends on κ and σ z . The ratio σ z /σ x increases with κ. For σ z r t Ω, the ratio is σ z /σ x ∼ 0.5-0.8 (Ida et al. 1993) . We adopt the simple linear model σ z /σ x = 0.3κ/Ω + 0.2 for σ z r t Ω. The vertical distribution of particles is determined so that it is consistent with the velocity distribution, and x and y of particles are distributed randomly.
There are 8 parameters κ, ν, Q ini , N c , L, L cut , ǫ, and ∆t in the simulation model. We mainly explore the two parameters,κ = κ/Ω and Q ini . We have 50 simulation models (1a-1j, 2a-2j, 3a-3j, 4a-4j, 5a-5j), where Q ini = 1.0(1), 1.2(2), . . ., and 1.8(5), andκ = 1.0 (a), 1.1 (b), . . ., and 1.9 (j), respectively. We have checked that the following results barely depend on the other parameters N c , L, L cut , ǫ, and ∆t. We adopt the vertical frequency ν = 3Ω. We also have performed the other 50 simulation models with ν = Ω and confirmed that the following results barely depend on ν.
Pitch Angle
Spatial Correlation
In order to investigate the pitch angle quantitatively, we calculate the spatial correlation function ξ:
We calculate the surface density with the uniform grid of 90 × 90. Figure 1a shows the particle surface density distribution at t = 2.0 × 2π/Ω for model 1a whereκ = 1.4 and Q ini = 1.0. Spiral or wake structures are formed due to gravitational instability. They are trailing, that is, the pitch angle is positive. Figure 1b shows the time-averaged ξ over 3 × 2π/Ω. The most prominent feature is the inclined straight line crossing the center, in other words, a trailing pattern. For Q ini = 1.4, the basic features are the same as those for Q ini = 1.0. Figures 1c and 1d show the clear trailing patterns. However their amplitude is smaller than those for Q ini = 1.0. This is because the amplification factor of the swing amplification decreases with Toomre's Q value (Toomre 1981) . For Q ini = 1.8, the wakes are trailing but faint and thus the spatial correlation is very weak (Figure 1e and 1f ). The models of Q ini = 1.6 show the similar tendency to those of Q ini = 1.8. The distinct spirals do not form for Q ini 1.5.
We measure the pitch angle from the spatial correlation. The pitch angle is the angle between the vertical line and the correlation ridge that is approximated by the straight line crossing the origin. We define the pitch angle of spirals as the angle θ where the function f (θ) has the maximum value, where f (θ) is (Wakita & Sekiya 2008) 
The pitch angle dependence on Γ and Q ini is shown in Figure 2 . The pitch angle decreases with the shear rate Γ. For the small shear rate, since the winding due to the shear is weak, the pitch angle is large. The pitch angle increases with Q ini , but its dependence is very weak. The shear rate Γ is more important than Q ini . The dashed curve in Figure 2 is calculated from the observational fitting formula of Equation (2) (Seigar et al. 2006) . Roughly speaking, Equation (2) agrees with the simulation results. However, the fitting values for 0.6 < Γ < 1.2 are larger than those from the simulations systematically. Furthermore, the observational fitting formula is the linear function of Γ, but as shown in Figure 2 , it seems that the pitch angle is a convex function of Γ. Fuchs (2001) derived an empirical formula of the azimuthal wavenumber of the most amplified wave. Baba et al. (2013) used this empirical formula and assumed that the radial wavelength is equal to the critical wavelength and derived the pitch angle:
As shown in Figure 2 , this pitch angle formula agrees with our results for 0.2 ≤ Γ ≤ 1.0, but does not for Γ < 0.2 or 1.0 < Γ. This is mainly caused by the limitation of the fitting formula of the azimuthal wave number of Fuchs (2001) , which is applicable only for 0.2 ≤ Γ ≤ 1.0. In addition, strictly speaking, the radial wavelength can be different from the critical wavelength and depends on the shear rate Γ.
We derive a new formula from the results of the numerical simulations. If we neglect any interactions among particles, the spiral arm swings from leading to trailing due to differential rotation, and the pitch angle evolution is described as (e.g., Binney & Tremaine 2008) tan θ = 1 2At
.
If we choose about half an epicycle period t ≃ 3.5/κ, from Equation (14) we obtain
The solid curve in Figure 2 corresponds to the pitch angle given by Equation (15), which agrees well with the results of the simulations.
It is not trivial that Equation (14) with t ≃ 3.5/κ gives the pitch angle of spiral arms. In Section 4, we discuss the derivation of the pitch angle formula from the linear analysis.
Fourier Transformation
We can extract the dominant wave mode using the Fourier analysis. The Fourier transformation of the surface density is defined bŷ
where k x and k y are the radial and azimuthal wavenumbers. Figure 3 shows the time-averaged Fourier amplitude over 3 × Ω/2π forκ = 1.4 and Q ini = 1.0, 1.4, and 1.8 (models 1e, 3e, and 5e). In these models the Fourier amplitude has the maximum at (k x , k y ) ≃ (1.0k cr , 0.5k cr ). The wavenumber of the dominant mode does not depend on Q ini . However, the amplitude of the wave depends on Q ini . As Q ini increases, the maximum amplitude decreases. For large Q ini , the peak position is obscure.
The pitch angle of the wave with (k x , k y ) is
The spiral arm corresponds to the dominant wave whose amplitude is the maximum. We can calculate the pitch angle of the spiral arm from Equation (17) using the wavenumber of the dominant wave. We compare the pitch angle from the Fourier transformation with that from the correlation function. Figure 4 shows the pitch angle from the Fourier transformation. For Q ini < 1.5, the pitch angle from the Fourier transformation is the same as those from the spatial correlation.
However, if Q ini = 1.6, and 1.8 and Γ < 1.0, we can see the difference of the pitch angle. For Γ < 0.4, we cannot obtain the pitch angle of the trailing wave because the amplitude of the wave is too small to extract the dominant mode for Q ini = 1.6 and 1.8. The extraction of the dominant wave mode by the Fourier analysis fails. In these parameters, the correlation method gives the more accurate pitch angle than the Fourier analysis.
Linear Analysis
In the swing amplification mechanism, while the wavelet rotates from leading to trailing due to the shear, the wavelet is amplified. Thus, the initial leading wavelet is necessary. Since the number of particles is finite, the Poisson noise implies the leading mode that has the small amplitude. 8. The solid curve shows the fitting formula described by Equation (15), and the dashed curve corresponds to the observational fitting given by Equation (2) (Seigar et al. 2006) . The dotted line is the formula proposed by the linear theory for 0.2 ≤ Γ ≤ 1.0 (Fuchs 2001; Baba et al. 2013 ). After the first spiral arms are formed, the activity of the rapid spiral formation and destruction continues. This indicates that the leading mode is always generated. We do not discuss the origin of the leading mode here, but it may be generated by some nonlinear processes (e.g., Fuchs et al. 2005; D'Onghia et al. 2013) . The overall evolution of spiral arms cannot be obtained by the linear theory. However, the linear theory can often capture some aspects of the basic physics. If we assume that the spiral arm corresponds to the most amplified wave that is predicted by the linear theory, it is expected that the shape of spiral arms can be explained by the linear theory.
We investigate the pitch angle dependence on the shear rate using the linear theory (Julian & Toomre 1966) . We focus on a single wavelet with k x , k y , and density amplitude D. Due to the shear, the normalized radial wavenumberk x = k x /(2π/λ cr ) increases with timet
wheret is the normalized timet = tκ, andk y is the normalized azimuthal wavenumberk y = k y /(2π/λ cr ) that is the inverse of X in Julian & Toomre (1966) :k y = 1/X, whilek y is constant. The wavelet is trailing whent > 0 (k x > 0) and leading whent < 0 (k x < 0).
As the wavelet rotates, the density amplitude D varies witht. The density amplitude evolution is given by the integral equation (Julian & Toomre 1966) :
where K is the kernel function, and D imp is the density amplitude by the imposed perturbation.
We consider the wavelet excited at the initial timet =t i due to some disturbance, and neglect any disturbance to the wavelet aftert =t i , that is, we assume D imp = 0 for t > t i . From Equation (18),t i is related to the initial radial wave numberk xi = Γk yti /κ. Therefore, the solution to the integral equation D(t) depends on the four dimensionless parametersκ, Q,k xi andk y . The two parametersκ and Q stand for a disk model, and the other two parametersk xi andk y specify the wavelet that we focus on.
The typical solution is shown in Figure 5 . The parameters areκ = 1.4, Q = 1.2,k xi = −1.82, andk y = 0.5. The solution has the maximum value D peak = 38.8 at the positive timet peak = 6.10, which means that the wavelet is trailing when the wavelet is most amplified. The peak amplitude D peak sensitively depends on the wavelet. In the case where we fixκ and Q, the peak amplitude has the maximum value D max att max fork xi =k xi,max andk y =k y,max . Figure 6 shows the dependence of D peak onk xi andk y . Forκ = 1.4 and Q = 1.2, the maximum amplitude is D max = 44.8 at t max = 5.65 fork xi,max = −2.2 andk y,max = 0.60.
We assume that wavelets with any wavenumbers always exist because of the density fluctuation. The particular wavelet withk xi,max andk y,max is amplified most extensively. Its amplitude becomes D max times larger than the initial amplitude at the positive timet max . We interpret the most amplified wavelet as the spiral structures observed in the simulation. The corresponding pitch angle is calculated fromt max . From Equation (14),t max is related to the pitch angle:
The values D max andt max depend on the disk parametersκ and Q. Figure 7 showst max and D max as a function ofκ and Q. The maximum amplitude D max depends on Q sensitively. This is consistent with the results of the N -body simulations. The right panel of Figure 7 showst max , wheret max slightly decreases with Q and is roughly constant value ≃ 3.5 for Q 1.5.
Since Q changes with time in the simulations, we cannot use Q ini to calculate the pitch angle. Figure 8 shows the time evolution of Q. The Q value increases more rapidly for smallerκ and initial Q value. Thus, for κ 1.4, although the initial Q is less than 1.5, the final Q becomes 1.5 -2.0. Therefore in estimating the pitch angle, we can assume Q > 1.5 independent of Q ini . As discussed above,t max is roughly constant ≃ 3.5 independent ofκ and Q for Q > 1.5. Thus, from Equation (20), the pitch angle is estimated as
which agrees well with the fitting formula obtained from the numerical simulations, Equation (15).
Strictly speaking, for Q ini < 1.4 andκ 1.6 (Γ 0.5), we cannot use that Q 1.5 and Equation (21). In fact, Equation (21) for large κ (small Γ) has larger error than that for small κ (large Γ). However, Equation (21) for small Γ explain the general trend of the dependence on Γ.
Conclusion
We performed the local N -body simulations of stellar disks and calculated the pitch angle θ of the spiral arms as a function of the shear rate Γ. We found that θ is well fitted by Equation (15), which agrees well with the observational results (Seigar et al. 2006) . The pitch angle θ decreases with Γ. For large Γ or small κ, the winding due to the shear is so effective that θ is small.
We also calculated the time evolution of the wavelet amplitude using the liner theory (Julian & Toomre 1966) . The leading wavelet rotates and is amplified owing to the swing amplification mechanism (Toomre 1981; Toomre & Kalnajs 1991) . The spiral arm can be interpreted as the wavelet amplified by this mechanism. We calculated the time when the density amplitude is maximum and θ at that time. If Toomre's Q value is larger than 1.5, θ is approximately given by Equation (21). Although the initial Q is small, Q increases rapidly due to heating by the spiral arms and exceeds 1.5 finally. Thus, θ calculated by the numerical simulations agrees with Equation (21). All these results suggest that the spiral arms in this simulation are formed by the swing amplification from the leading wavelet in the density fluctuation. The present simulation and linear theory employed the local approximation. We may directly apply these results to flocculent spiral galaxies. Strictly speaking, we should not apply these results to grand-design spiral galaxies. However, we expect that these results are useful for understanding the basic physics of spiral arms in general.
In recent years, it was found that the nonlinear effect is significant to understand the overall activity of the spiral arms (e.g., Baba et al. 2013; D'Onghia et al. 2013) We found that the linear theory can predict the correct pitch angle that is consistent with the numerical simulation. This indicates that the linear theory is still useful to explain the shape of the spiral arms. We will investigate the non-linear process of spiral arm formation by gravitational instability in more detail in the future work.
Numerical computations were carried out on GRAPE system at Center for Computational Astrophysics, National Astronomical Observatory of Japan.
